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The cyclotomic trace map and values of zeta
functions
Thomas Geisser
Abstract. We show that the cyclotomic trace map for smooth
varieties over number rings can be interpreted as a regulator map
and hence are related to special values of ζ-functions.
1. Introduction
The purpose of this paper is to show that the results of [8] can be
used to relate the cyclotomic trace map from e´tale K-theory to topolog-
ical cyclic homology
tri : K
e´t
i (X,Zp)→ TCi(X; p,Zp)
to arithmetic invariants if X is regular scheme, flat and proper over a
number ring OS , and with good reduction at p. The main result of [8]
implies that the map tri can be identified with the localization map
(1.1) tri : K
e´t
i (X,Zp)→ K
e´t
i (X ×Z Zp,Zp).
Both sides of (1.1) admit a hypercohomology spectral sequence of the
form
Es,t2 = H
s
cont(X, (K/p
·)−t)⇒ K
e´t
−s−t(X,Zp),
but the E2-term is hard to control because the e´tale K-theory sheaf
(K/pr)i is not known. In order to overcome this problem, we compare
the map (1.1) to the map
(1.2) K e´ti (X ×Z Z[
1
p
],Zp)→ K
e´t
i (X ×Z Qp,Zp).
Using either the Lichtenbaum-Quillen conjecture or a result of Thoma-
son, one can identify the maps (1.1) and (1.2) if one assumes that
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i > d = dimX or i ≥ 8
3
(d + 2)(d + 3)(d + 4)− 14, respectively. Since p
is invertible in (1.2), the e´tale K-theory sheaf can be identified, and the
map (1.2) is the map on the abutments of the spectral sequences
Es,t2 = H
s(X ×Z Z[
1
p
],Zp(−
t
2
)) ⇒ K e´t−s−t(X ×Z Z[
1
p
],Zp)y y
Es,t2 = H
s(X ×Z Qp,Zp(−
t
2
)) ⇒ K e´t−s−t(X ×Z Qp,Zp).
Thus we can relate the map (1.2) to maps between e´tale cohomology
groups, which in turn are related to special values of L-functions.
In the second half of the paper we give concrete calculations in case
X is the ring of integers SpecO of a number field K. For j = 1, 2, the
trace map tr2i−j can be identified with the map
Hj(GΣ,Zp(i))→
∏
p|p
Hj(Kp,Zp(i)),
where GΣ is Galois group of the maximal extension of K which is un-
ramified outside of p and infinity. This map has been study in Iwasawa
theory, and we translate results of Iwasawa theory into statements about
the trace map. For example, we show that if K/Q is a totally real field,
unramified at p, and i 6≡ 1 mod p − 1 is an odd integer, then the trace
map
tr′2i−1 : K2i−1(O)⊗ Zp/tors→ TC2i−1(O,Zp).
is a map between free Zp-modules of rank d = [K : Q]. Its cokernel is
finite if and only if a conjecture of Schneider holds, and in this case the
order of the cokernel is related to the p-adic L-function as follows:
|H2(GΣ,Zp(i))| · | coker tr
′
2i−1 | = |Lp(K,ω
1−i, i)|−1p .
Convention: All cohomology groups are e´tale cohomology in case of
schemes, and Galois cohomology groups in case of fields.
2. Preliminaries
We recall some facts on algebraic K-theory and topological cyclic
homology, see [6], [7] and [11].
2.1. K-theory. For every henselian pair (A, I) such that m is in-
vertible in A, and for all i ≥ 0, we have the isomorphism of Gabber [4]
and Suslin [26]
Ki(A,Z/m)
∼
−→ Ki(A/I,Z/m).
Together with the calculation of the K-theory of an algebraically closed
field [26] by Suslin, this implies that on every scheme X such that m
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is invertible on X, the K-theory sheaf with coefficients for the e´tale
topology can be identified as follows
(2.1) (K/m)n =
{
µ
⊗n
2
m n ≥ 0 even,
0 n odd.
Let R be a local ring, such that (R, pR) is a henselian pair, and such
that p is not a zero divisor. Then [8] the reduction map
(2.2) Ki(R,Z/p
r)→ {Ki(R/p
s,Z/pr)}s
is an isomorphism of pro-abelian groups. This generalizes the result of
Suslin and Panin [26, 20] for R a henselian valuation ring of mixed
characteristic (0, p).
For a presheaf of spectra F on a site Xτ , and a covering U = {Ui}
of X, Thomason [28, Def. 1.9, 1.33] defines the Cˇech hypercohomology
spectrum Hˇ·(U ,F) and the sheaf hypercohomology spectrum H·(Xτ ,F).
There are natural augmentation maps τ : F(X) → Hˇ·(U ,F) and η :
F(X) → H·(Xτ ,F). If τ is the Zariski or Nisnevich topology on a
noetherian scheme X of finite Krull dimension, then it is a theorem of
Brown-Gersten [2] and Nisnvevich [19], respectively, that the augmenta-
tion map η : K(X)→ H·(Xτ ,K) is a homotopy equivalence. Moreover,
the Cˇech hypercohomology of the sheaf hypercohomology agrees with
the sheaf hypercohomololgy [28, Cor. 1.47]
(2.3) H·(XZar,F) ∼= Hˇ
·(U ,H·(−,F)).
One important feature of H·(Xτ ,F) is that it comes equipped with a
spectral sequence [28, Prop. 1.36]
(2.4) Es,t2 = H
s(Xτ , p˜i−tF)⇒ pi−s−tH
·(Xτ ,F),
where p˜iiF is the sheaf associated to the presheaf of homotopy groups
U 7→ piiF(U). If Xτ has finite cohomological dimension, then the spec-
tral sequence converges.
For a pro-presheaf F · of spectra on Xτ , one defines the hyperco-
homology spectrum H·(Xτ ,F
·) := holimr H
·(Xτ ,F
r). For a (complex
of) sheaves of abelian groups A· on Xτ , Jannsen [14] defines continuous
cohomology groups Hjcont(Xτ , A
·) as the derived functors of the functor
A· 7→ limr Γ(X,A
r), and we get a spectral sequence [7]
(2.5) Es,t2 = H
s
cont(Xτ , p˜i−tF
·)⇒ pi−s−tH
·(Xτ ,F
·).
IfXe´t is the small e´tale site of the schemeX, then we writeK
e´t
i (X,Zp)
for the homotopy groups pii holimr H
·(Xe´t,K/p
r). If p is invertible on X,
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we write H i(X,Zp(n)) for H
i
cont(Xe´t, µ
⊗n
p· ). In view of (2.1) the spectral
sequence (2.5) takes the form
(2.6) Es,t2 = H
s(X,Zp(−
t
2
))⇒ K e´t−s−t(X,Zp).
The Lichtenbaum-Quillen conjecture states that for i greater than
the cohomological dimension of X, the canonical map from K-theory to
e´tale K-theory
Ki(X,Zp)→ K
e´t
i (X,Zp)
is an isomorphism. The Lichtenbaum-Quillen conjecture is a conse-
quence of the Beilinson-Lichtenbaum conjecture, whose proof has been
announced by Voevodsky [30]. The following special case is known by
Hesselholt and Madsen [13, Thm. A]:
Theorem 2.1. Let K be a complete discrete valuation field of char-
acteristic 0 with perfect residue field of characteristic p > 2. Then for
i ≥ 1,
Ki(K,Z/p
r) ∼= K e´ti (K,Z/p
r).
This has been generalized to certain discrete valuation rings with
non-perfect residue fields in [9]. See [11] for a survey of these results.
2.2. Topological cyclic homology. Using the hyper-cohomology
construction of Thomason, one can [7] extend the definition of topologi-
cal Hochschild homology TH(A) for a ring A by considering the presheaf
of spectra TH : U 7→ TH(Γ(U,OU )), and setting
(2.7) TH(Xτ ) = H
·(Xτ ,TH).
Proposition 2.2. a) [7, Cor. 3.3.3] If the Grothendieck topology
τ on the scheme X is coarser than or equal to the e´tale topology, then
TH(Xτ ) is independent of the topology (and we drop τ from the nota-
tion).
b) [7, Cor. 3.2.2] If X is the spectrum of a ring A, then TH(A)
∼
−→
TH(X).
It follows from the proposition and (2.3) that for a notherian scheme
of finite Krull dimension,
(2.8) TH(X) ∼= TH(XZar) ∼= Hˇ
·(U ,TH).
In particular, TH(X) is determined by the spectra TH(Ui) for Ui ∈ {U}.
The spectrum TRm(X; p) is the fixed point spectrum under of the
cyclic subgroup of roots of unity µpm−1 ⊆ S
1 acting on TH(X); let
TRm(X; p,Z/pr) be the version with coefficients. There are natural
maps called Frobenius and restriction map
F,R : TRm(X; p,Z/pr)→ TRm−1(X; p,Z/pr),
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and topological cyclic homology TCm(X; p,Z/pr) is the homotopy equal-
izer of F and R. We view TC·(X; p,Z/pr) as a pro-spectrum with R as
the structure map, and define
TC(X; p,Zp) = holim
m,r
TCm(X; p,Z/pr).
If (TCm/pr)i is the sheaf associated to the presheaf U 7→ TC
m
i (U ; p,Z/p
r),
then (2.5) takes the form
(2.9) Es,t2 = H
s
cont(Xe´t, (TC
·/p·)−t)⇒ TC−s−t(X; p,Zp).
If we use the Zariski or Nisnevich topology instead of the e´tale topol-
ogy, we get a different spectral sequence with the same abutment. The
statements of Proposition 2.2 and (2.8) procreate to analog statements
for TC.
Topological cyclic homology comes equipped with the cyclotomic
trace map
tr′ : K(X,Zp)→ TC(X; p,Zp).
In [12], Hesselholt and Madsen show that the trace map is an isomor-
phism in non-negative degrees for a finite algebra over the Witt ring of
a perfect field. Since Thomason’s construction is functorial, this factors
by Proposition 2.2 a) through
tr : K e´t(X,Zp)→ TC(Xe´t; p,Zp) ∼= TC(X; p,Zp).
Theorem 2.3. [8, Thm. A] Let X is a smooth, proper scheme
over a henselian discrete valuation ring V of mixed characteristic (0, p).
Then the cyclotomic trace map from e´tale K-theory to topological cyclic
homology
K e´ti (X,Zp)
tri−→ TCi(X; p,Zp)
is an isomorphism.
3. The trace map for arithmetic schemes
We fix a prime p 6= 2, let Zh the henselization, and Zp the completion
of the integers at p, Qh = Zh[
1
p
], and Qp = Zp[
1
p
]. We fix a number field
K, and let O be its ring of integers. For a set of prime ideals S of O not
containing any of the primes dividing p, we let OS be the S-integers of
K.
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Proposition 3.1. Let X be a regular scheme, flat and proper over
SpecOS , with good reduction at p. Then there is a commutative diagram
Ki(X,Zp)
αi−−−−→ K e´ti (X,Zp)
fi
−−−−→ K e´ti (X ×Z Zh,Zp)ytr′i triy ∼=y
TCi(X; p,Zp) TCi(X; p,Zp)
∼
−−−−→ TCi(X ×Z Zh; p,Zp).
In particular, the cyclotomic trace map is isomorphic to the composition
Ki(X,Zp)
α
−→ K e´ti (X,Zp)
fi−→ K e´ti (X × Zh,Zp).
The same statements hold with Zp instead of Zh.
Proof. Clearly the diagram commutes, and the right vertical map
is an isomorphism by Theorem 2.3. To show the isomorphism
TCi(X; p,Zp)
∼
−→ TCi(X ×Z Zh; p,Zp),
let U = {Ui} be an affine open covering of X. Then Uh = {Ui ×Z Zh}
is an affine open covering of X ×Z Zh. By (2.8), it suffices to show that
TC(Ui; p,Zp) is homotopy equivalent to TC(Ui ×Z Zh; p,Zp). Thus we
can assume that X = SpecR, with R flat and of finite type over OS .
Then p is not a zero divisor in R, and the rings R/ps and (R⊗Zh)/p
s are
isomorphic. By [8, Addendum 3.1.2] we get TCi(R; p,Zp)
∼
−→ TCi(R⊗
Zh; p,Zp)
∼
−→ TCi(R⊗ Zp; p,Zp). 
The problem in evaluating the trace map tri is the calculation of
the e´tale K-theory groups involved. We solve this problem by localizing
away from p:
Theorem 3.2. Let X be regular scheme, flat and proper over SpecOS,
with good reduction at p.
a) If K e´ti (X ×Z Z[
1
p
],Zp)
gi
−→ K e´ti (X ×Z Qp,Zp) is the restriction
map, then there is an exact sequence
0→ coker tri → coker gi
δ
−→ ker tri−1 → ker gi−1 → 0.
b) Let d be the relative dimension of X over OS. If i ≥
8
3
(d +
2)(d+3)(d+4)−14, or if the Lichtenbaum-Quillen conjecture holds and
i > d+ 1, then the map δ is the zero map.
Proof. a) For a closed subset Z of a scheme X with open com-
plement U , we let K e´t,Z(X,Zp) be the homotopy fiber of the natural
map K e´t(X,Zp)→ K
e´t(U,Zp). The closed complement Y = X×Z Fp of
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X ×Z Z[
1
p
] in X is isomorphic to the closed complement of X × Qh in
X × Zh. Consider the natural map of long exact sequences
(3.1)
K e´t,Yi (X,Zp) −−−−→ K
e´t
i (X,Zp) −−−−→ K
e´t
i (X ×Z Z[
1
p
],Zp)y fiy ghi y
K e´t,Yi (X × Zh,Zp) −−−−→ K
e´t
i (X × Zh,Zp)
j∗
−−−−→ K e´ti (X ×Qh,Zp).
By Theorem 2.3, fi can be identified with tri, and by the following
Lemma gi can be identified with g
h
i . According to [29, Thm. D.4],
there are spectral sequences
Es,t2 = H
s
Y (X, (K/p
r)−t) ⇒ K
e´t,Y
−s−t(X,Z/p
r)y y
Es,t2 = H
s
Y (X × Zh, (K/p
r)−t) ⇒ K
e´t,Y
−s−t(X × Zh,Z/p
r).
By e´tale excision [18, Prop. 1.27], the E2-terms of the two spectral
sequences are isomorphic, because X ×Z Zh is the direct limit of e´tale
neighborhoods of Y in X. Taking the limit over r shows that the two
left terms in diagram (3.1) are isomorphic, and we get a) by an easy
diagram chase.
b) It suffices to show that the map j∗ in diagram (3.1) is surjective.
Consider the commutative diagram
Ki(X × Zh,Zp) −−−−→ Ki(X ×Qh,Zp)y y
K e´ti (X × Zh,Zp) −−−−→ K
e´t
i (X ×Qh,Zp).
The right hand map is surjective for i ≥ 8
3
(d+ 2)(d + 3)(d+ 4)− 14 by
Thomason [27], and the Lichtenbaum-Quillen conjecture implies that
the right hand map is an isomorphism for i > d + 1. On the other
hand, by localization, the cokernel of the upper map is contained in
Ki−1(Y,Zp), which is zero for i − 1 > d by [10] because Y is smooth.
Hence the lower map is surjective 
Lemma 3.3. Let X be a smooth scheme over SpecQh. Then for any
i, we have
K e´ti (X,Zp)
∼= K e´ti (X ×Qh Qp,Zp).
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Proof. In view of spectral sequence (2.6),
Es,t2 = H
s(X,Zp(−
t
2
)) ⇒ K e´t−s−t(X,Zp)y y
Es,t2 = H
s(X ×Qp,Zp(−
t
2
)) ⇒ K e´t−s−t(X ×Qh Qp,Zp),
it suffices to show that the canonical map induces an isomorphism on E2-
terms. By [14, Cor. 3.4] there are spectral sequences of e´tale cohomology
groups
Es,t2 = H
a(Qh,H
b(X × Q¯h,Zp(n))) ⇒ H
a+b(X,Zp(n))y y
Es,t2 = H
a(Qp,H
b(X × Q¯p,Zp(n))) ⇒ H
a+b(X ×Qp,Zp(n)).
The Galois groups of Qh and Qp are isomorphic, and so are the Galois
modules. Indeed, this is a consequence of the smooth base change theo-
rem for finite coefficients [18, Cor. VI 4.3], and immediately extends to
continuous cohomology. 
Corollary 3.4. Let X be regular scheme, flat and proper over
SpecOS with good reduction at the primes above p. Assume that the
Lichtenbaum-Quillen conjecture holds, that i > dimX and p > dimX +
2. Then the map tri : K
e´t
i (X,Zp) → TCi(X,Zp) is isomorphic to the
sum of localization maps⊕
a
H2a−i(X ×Z Z[
1
p
],Zp(a))→
⊕
a
H2a−i(X ×Z Qp,Zp(a)).
Proof. The spectral sequences
Es,t2 = H
s(X ×Z Z[
1
p
],Zp(−
t
2
)) ⇒ K e´t−s−t(X ×Z Z[
1
p
],Zp)y y
Es,t2 = H
s(X ×Z Qp,Zp(−
t
2
)) ⇒ K e´t−s−t(X ×Z Qp,Zp)
degenerate at E2 with split filtration for p >
cdpX
2
by Soule´ [24, Thm.
1]. 
The localization map for e´tale cohomology is related to L-functions
and p-adic L-functions by Iwasawa theory. In the following sections,
we give examples for number fields, in particular totally real number
fields. It should be possible to extend these results to Dirichlet charac-
ters, elliptic curves with complex multiplication, or Hecke characters of
imaginary quadratic fields as in [25, 5].
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4. Number fields
In the case of a number field, we can make the calculations of the
last section more explicit. The translation of results of Iwasawa-theory
into results on regulators are similar to [15]. We keep the notation of
the previous section. Let p be a prime of OS dividing p 6= 2, Op be
the completion of OS at p, Kp its quotient field, and kp ∼= Op/mp its
residue field. Similarly, let Ohp be the henselization of OS at p, and
Khp its quotient field. The residue fields of O
h
p and Op are canonicallly
isomorphic. Note that K ⊗Z Qp ∼=
∏
p|pKp, OS ⊗Z Zp
∼=
∏
p|pOp, and
(OS ⊗Z Fp)
red ∼=
∏
p|p kp, and similarly for the henselization.
Proposition 4.1. For i > 1 and j = 1, 2 we have the following
isomorphisms
K e´t2i−j(OS ,Zp)
∼
−→K e´t2i−j(OS [
1
p
],Zp)
∼
−→ Hj(SpecOS [
1
p
],Zp(i))
K e´t2i−j(Op,Zp)
∼
−→K e´t2i−j(Kp,Zp)
∼
−→ Hj(SpecKp,Zp(i)).
Proof. Since SpecOS [
1
p
] and Kp have cohomological dimension 2
if p 6= 2, the right hand isomorphism follows from the spectral sequence
(2.6) and H0(SpecOS [
1
p
],Zp(i)) = H
0(SpecKp,Zp(i)) = 0 for i > 0.
Consider the commutative diagram of long exact sequences
Ki(kp,Zp) −−−−→ Ki(Op,Zp) −−−−→ Ki(Kp,Zp)y y y
K
e´t,kp
i (Op,Zp) −−−−→ K
e´t
i (Op,Zp) −−−−→ K
e´t
i (Kp,Zp)
The middle map is an isomorphism by [12] and the the right map is
an isomorphism by Theorem 2.1, hence in view of Ki(kp,Zp) = 0 for
i > 0 we get the local result together with K
e´t,kp
i (Op,Zp) = 0 for i > 0.
Comparing the lower row with the analog row for the henselization, we
get K
e´t,kp
i (O
h
p ,Zp) = 0 for i > 0. Indeed, K
e´t
i (K
h
p ,Zp)
∼= K e´ti (Kp,Zp) by
Lemma 3.3, and by (2.2) there are isomorphisms
Ki(O
h
p ,Zp)
∼
−−−−→ Ki(Op,Zp)
∼=
y ∼=y
K e´ti (O
h
p ,Zp) −−−−→ K
e´t
i (Op,Zp),
Using e´tale excission as in the proof of Theorem 3.2 a), we see that
K
e´t,kp
i (OS ,Zp)
∼= K
e´t,kp
i (O
h
p ,Zp) = 0, hence the global result. 
Let Σ be the set of primes of O dividing p or infinity, and GΣ be
the Galois group of the maximal extension of K unramified outside Σ.
10 THOMAS GEISSER
Then by [3, §3.2],
Hn(SpecO[1
p
],Zp(i)) ∼= H
n
cont(GΣ,Zp(i)),
where the left hand side is e´tale cohomology and the right hand side is
continuous Galois cohomology. Proposition 4.1 for S = ∅ shows that for
i > 0 the trace map can be identified:
K e´t2i−j(O,Zp)
tr2i−j
−−−−→ TC2i−j(O; p,Zp)∥∥∥ ∥∥∥
Hj(GΣ,Zp(i)) −−−−→
∏
p|pH
j(Kp,Zp(i)).
The following fundamental conjecture is due to Schneider [21, p.
129]:
Conjecture S(K,i) The group H2(GΣ,Zp(i)) is torsion..
By Soule´ [22], S(K, i) holds for all i > 1, and S(K, i) is by the long
exact coefficient sequence equivalent to H2(GΣ,Qp/Zp(i)) = 0.
Lemma 4.2. Let K be a number field of degree d over Q with r1 real
and r2 complex embeddings.
a) [21, Satz 3.2, 3.4] If i 6= 0, 1, then rankZp
∏
p|pH
1(Kp,Zp(i)) = d,
and the group H2(Kp,Zp(i)) is finite.
b) [21, Satz 4.6]
rankH1(GΣ,Zp(i)) =
{
r2 + rankH
2(GΣ,Zp(i)) i 6= 0 even;
r1 + r2 + rankH
2(GΣ,Zp(i)) i 6= 1 odd.
For i > 0, the Tate-Poitou exact sequence [17]
(4.1) 0→ H2(GΣ,Qp/Zp(1− i))
∗ →
H1(GΣ,Zp(i))
tr2i−1
−→
∏
p|p
H1(Kp,Zp(i))→ H
1(GΣ,Qp/Zp(1− i))
∗ →
H2(GΣ,Zp(i))
tr2i−2
−→
∏
p|p
H2(Kp,Zp(i))→ H
0(GΣ,Qp/Zp(1− i))
∗ → 0.
can be used to get results on the trace map.
For example, S(K, 1−i) is equivalent to the injectivity of tr2i−1, and
the kernels of cokernels of the trace maps can be expressed in terms of
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cohomology groups:
ker tr2i−1 ∼= H
2(GΣ,Qp/Zp(1− i))
∗(4.2)
0→ coker tr2i−1 →H
1(GΣ,Qp/Zp(1− i))
∗ → ker tr2i−2 → 0(4.3)
coker tr2i−2 ∼= H
0(GΣ,Qp/Zp(1− i))
∗(4.4)
Moreover, by [21, Satz 5 ii]
ker tr2i−2 = coker
(
H1(Kp,Zp(i))→ H
1(GΣ,Qp/Zp(1− i))
∗
)
= ker
(
H1(GΣ,Qp/Zp(1 − i))→
∏
p|p
H1(Kp,Qp/Zp(1− i))
∗
)
=
divH1(K,Qp/Zp(i))
DivH1(K,Qp/Zp(i))
.
4.1. Totally real fields. Let K be a totally real field of degree d
over Q. Let wi and wp,i be the order of the group H
0(GΣ,Qp/Zp(j))
and H0(Kp,Qp/Zp(j)), respectively. We normalize the p-adic absolute
value such that |p|p =
1
p
, and write equalities of p-powers so that only
positive powers appear on both sides of an equation.
Lemma 4.3. a) Let i > 0 be even. Then the groups H0(GΣ,Qp/Zp(i)) ∼=
H1(GΣ,Zp(i)), and H
1(GΣ,Qp/Zp(i)) ∼= H
2(GΣ,Zp(i)) are finite.
b) Let i 6= 1 be odd. Then H0(GΣ,Qp/Zp(i)) = 0, H
1(GΣ,Zp(i)) ∼=
Zdp, and S(K, i) holds.
c) If K/Q is unramified at p and p− 1 6 |i, then for every p|p,
H0(Kp,Qp/Zp(i)) = H
2(Kp,Zp(1− i)) = 0.
Proof. a) By S(K, i) for i > 1 and Lemma 4.2 b), we get that
H1(GΣ,Qp(i)) = H
2(GΣ,Qp(i) = 0 for i > 0 even. The result now
follows from the long exact coefficient sequence.
b) Since K is totally real and p 6= 2, the degree of the extension
K(µp)/K is divisible by two, hence |H
0(GΣ,Qp/Zp(i))| = max{p
j :
[K(µpj) : K]|i} = 1. As this group is isomorphic to the torsion sub-
group of H1(GΣ,Zp(i)), the latter group is torsion free. The group
H2(GΣ,Zp(i)) is finite because H
2(GΣ,Qp/Zp(i)) is zero. For i > 1 this
follows from S(K, i), and for i < 0 its dual is a subgroup ofH1(GΣ,Zp(1−
i)) by (4.1), and the latter is finite by a).
c) Since the extension Kp/Qp is unramified by hypothesis. But
Qp(µp)/Qp is totally ramified at p and has degree p− 1, hence the same
holds for the extension Kp(µp)/Kp. We can now use the argument of b)
together with local duality [21, Satz 2.4] 
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Proposition 4.4. Let i > 0 be even. Then ker tr2i−1 = coker tr2i−2 =
0, and
|ζK(1− i)|
−1
p · | ker tr2i−2 | ·
∏
p
wp,1−i = wi.
Proof. The first two statements follow from Lemma 4.3 b), and
(4.2). For the zeta value, we have
|ζK(1− i)|p =
|H0(GΣ,Qp/Zp(i))|
|H1(GΣ,Qp/Zp(i))|
=
|H1(GΣ,Zp(i))|
|H2(GΣ,Zp(i))|
=
| ker tr2i−2 | ·
∏
p|p |H
2(Kp,Zp(i))|
wi
=
| ker tr2i−2 | ·
∏
p
wp,1−i
wi
.
The first equality is [1, Thm. 6.2], the second equality is Lemma 4.3 a),
the third equality follows from (4.1) because tr2i−2 is surjective, and the
last equality is local duality. 
Theorem 4.5. Let i > 0 is odd. Then S(K, 1− i) holds if and only
if tr2i−1 = 0 if and only if tr2i−1 has finite cokernel. In this case,
| coker tr2i−1 | · |H
2(GΣ,Zp(i))| =
∏
p|p
wp,1−i · |Lp(K,ω
1−i, i)|−1p .
Proof. If i > 1 is odd, then by Lemma 4.3 b)
rankH1(GΣ,Zp(i)) = rank
∏
p|p
H1(Kp,Zp(i)) = d.
By the Tate-Poitou sequence (4.1), H2(GΣ,Qp/Zp(1 − i)) = 0 if and
only if ker tr2i−1 = 0 if and only if tr2i−1 has finite cokernel. In this
case, by [1, Thm. 6.1], and (4.1),
|Lp(K,ω
1−i, i)|p =
|H0(GΣ,Qp/Zp(1− i))|
|H1(GΣ,Qp/Zp(1− i))|
=
∏
p|p |H
2(Kp,Zp(i))|
| coker tr2i−1 | · |H2(GΣ,Zp(i))|
.
The result follows with local duality. 
The first result in this direction is due to Soule´ [23]. He maps a
subgroup of the source of tr2i−1 to a quotient of the target, and relates
the index of this map to the p-adic L-function directly (without using
the main theorem of Iwasawa theory).
Note the difference between the case i even and i odd: In the former
case, the Euler characteristic of Qp/Zp(i) gives a a result on the p-adic L-
function at 1− i which translates into a result for the ζ-function at 1− i,
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because the p-adic L-function approximates the ζ-function at negative
integers. In the latter case, the Euler characteristic of Qp/Zp(1− i) only
gives a result for the p-adic L-functions at i.
We give a version for K-theory instead of e´tale K-theory:
Corollary 4.6. Assume i > 1 is an odd integer.
a) The trace map factors like
tr′2i−1 : K2i−1(O)⊗ Zp/tors→ TC2i−1(O,Zp).
b) S(K, 1 − i) implies
| coker tr′2i−1 | · |H
2(GΣ,Zp(i))| =
∏
p|p
wp,1−i · |Lp(K,ω
1−i, i)|−1p .
c) If moreover K/Q is unramified at p and i 6≡ 1 mod p − 1, then
tr′2i−1 is a map between free Zp-modules of rank d, and
| coker tr′2i−1| · |H
2(GΣ,Zp(i))| = |Lp(K,ω
1−i, i)|−1p .
d) Let K = Q, i 6≡ 1 mod p−1, and n a positive integer with n ≡ −i
mod p−1. If p|Bn+1
n+1
, then H2(GΣ,Zp(i)) 6= 0 or tr
′
2i−1 is not surjective.
Proof. a) By Lemma 4.3 b) and Proposition 4.1
K e´t2i−1(O,Zp)tors = H
1(GΣ,Zp(i))tors = H
0(GΣ,Qp/Zp(i)) = 0,
so the trace map factors through the torsion free quotient of K2i−1(O)⊗
Zp.
b) By Soule´ [22] the map K2i−1(O,Zp)/tors→ K
e´t
2i−1(O,Zp)/tors is
surjective. Since both groups are free Zp-modules of the same rank, they
must be isomorphic. In other words,K2i−1(O,Zp)/tors ∼= H
1(GΣ,Zp(i)),
and the statement is a just a reformulation of the previous theorem.
c) The torsion subgroup of TC2i−1(O; p,Zp) ∼=
∏
p|pH
1(Kp,Zp(i)) is
isomorphic to
∏
p|pH
0(Kp,Qp/Zp(i)) = 0 by Lemma 4.3 c).
d) By [31, Thm. 5.11, Cor. 5.13],
Lp(Q, ω
1−i, i) = Lp(Q, ω
n+1, i) ≡ Lp(Q, ω
n+1, 1− (n+ 1))
≡ −(1− pn)
Bn+1
n+ 1
≡ −
Bn+1
n+ 1
mod p.

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